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Abstract
Let  be the Riemann zeta function and (x) = 1/(2x − 1). For all x > 0 we have
(1 − (x))(x) + (x)< (x + 1)< (1 − (x))(x) + (x),
with the best possible constant factors
= log 2 − 12 = 0.1931 . . . and = 12 .
This improves a recently published result of Cerone et al., J. Inequalities Pure Appl. Math. 5(2) (43)
(2004), who showed that the double-inequality holds with  = 18 and  = 12 .
 2005 Elsevier GmbH. All rights reserved.
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The Riemann zeta function is deﬁned for complex numbers s with Rs > 1 by
(s) =
∞∑
n=1
1
ns
.
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It can be continued analytically to the whole complex plane except for a simple pole at
s = 1 with residue 1. The zeta function has important applications in several branches of
mathematics. In particular, it plays a central role in Analytic Number Theory; see [1]. The
history of the zeta function is described in detail in [2], and the main properties are studied
in the monographs [4–7], where also many references on this subject can be found.
In a recently published paper, Cerone et al. [3] presented a remarkable double-inequality
involving (x) and (x + 1), which is valid for all positive real numbers x.
Proposition. For all real numbers x > 0 we have
(1 − (x))(x) + 18 (x)< (x + 1)< (1 − (x))(x) + 12 (x), (1)
where (x) = 1/(2x − 1).
We note that in [3] the inequalities (1) are given with ‘’ instead of ‘<’. But, the proof
reveals that both inequalities are strict. A key role in the proof of (1) plays the identity
∫ ∞
0
tx
(et + 1)2 dt = C(x + 1)(x + 1) − xC(x)(x) (x > 0), (2)
where C(x) = (x)(1 − 21−x). Here, as usual,  denotes Euler’s gamma function.
It is natural to look for a reﬁnement of (1). More precisely, we ask whether the factors
1
8 and
1
2 , respectively, can be replaced by better constants. It is our aim to answer this
question. The following theorem shows that the right-hand side of (1) is sharp, but the
left-hand inequality can be improved.
Theorem. Let (x) = 1/(2x − 1). For all real numbers x > 0 we have
(1 − (x))(x) + (x)< (x + 1)< (1 − (x))(x) + (x), (3)
with the best possible constant factors
 = log 2 − 12 = 0.1931 . . . and  = 12 . (4)
Proof. Let x > 0. First, we establish the left-hand inequality of (3) with = log 2− 12 . We
follow the method of proof given in [3]. Let
A(x) =
∫ ∞
0
tx
(et + 1)2 dt . (5)
We have
∫ ∞
0
1
(et/2 + 1)2 dt =
[
2
et/2 + 1 − 2 log(1 + e
−t/2)
]∞
0
= log 4 − 1.
H. Alzer / Expo. Math. 23 (2005) 349–352 351
This implies
2x+1A(x) − (log 4 − 1)(x + 1) =
∫ ∞
0
tx
(et/2 + 1)2 dt
− (x + 1)
∫ ∞
0
1
(et/2 + 1)2 dt
=
∫ ∞
0
u(t, x)v(t) dt ,
where
u(t, x) = (tx − (x + 1))e−t and v(t) = (1 + e−t/2)−2.
The function v is strictly increasing on (0,∞). Let t0 = ((x + 1))1/x . If 0< t < t0, then
u(t, x)< 0 and v(t)< v(t0).And, if t > t0, thenu(t, x)> 0 and v(t)> v(t0). Thus,we obtain
u(t, x)v(t)>u(t, x)v(t0) for all t > 0, t = t0. This leads to∫ ∞
0
u(t, x)v(t) dt > v(t0)
∫ ∞
0
(txe−t − (x + 1)e−t ) dt = 0.
Hence,
A(x)>
(
log 2 − 1
2
)
(x + 1)
2x
. (6)
Combining (2), (5), and (6) we get the ﬁrst inequality of (3) with  = log 2 − 12 .
It remains to show that the constants given in (4) are best possible. If (3) holds for all
positive x, then we have
<Q(x)<  (x > 0), (7)
where
Q(x) = (x + 1) − (1 − (x))(x)
(x)
.
Using (0) = − 12 and the limit relations
lim
x→0 x(x + 1) = 1, limx→0 x(x) =
1
log 2
,
we obtain
lim
x→0 Q(x) = limx→0
x(x + 1) + (x(x) − x)(x)
x(x)
= log 2 − 1
2
. (8)
Next, let x > 1. Then we have
0< 2x((x) − 1) − 1. (9)
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And, since
∞∑
n=3
1
nx
<
∫ ∞
2
1
tx
dt = 2
1−x
x − 1 ,
we get
2x((x) − 1) − 1< 2
x − 1 . (10)
From (9) and (10) we conclude that
lim
x→∞ 2
x((x) − 1) = 1. (11)
Applying (11) and
lim
x→∞ (x) = limx→∞ 2
x(x) = 1
yields
lim
x→∞ Q(x) = limx→∞
(
2−1 · 2x+1((x + 1) − 1) − 2x((x) − 1)
2x(x)
+ (x)
)
= 1
2
. (12)
From (7), (8), and (12) we obtain  log 2 − 12 and  12 . This implies that in (3) the best
possible constant factors are given by  = log 2 − 12 and  = 12 . 
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